We establish an explicit correspondence between ergodicity breaking in a system described by powerlaw tail distributions and the divergence of the moments of these distributions.
The motion of atoms in a one-dimensional optical lattice formed by two counterpropagating laser beams with linear perpendicular polarization can be described, after spatial averaging, by a Fokker-Planck equation for the semiclassical Wigner function Wp; t [10 -12] ,
The momentum-dependent drift and diffusion coefficients are, respectively, given by
The drift Kp corresponds to a cooling force with friction coefficient , while the diffusion coefficient Dp represents stochastic momentum fluctuations and describes heating processes. It is worth noticing that for large momentum, the range of the drift is limited by the capture momentum p c , while the range of the fluctuations is not. The kinetic equation (1) is valid in a regime where (i) the atomic momentum is large, p hk, where k is the wave number of the laser field (this defines the semiclassical limit), (ii) the saturation parameter is small, s 1 (this corresponds to low laser intensity), and (iii) the kinetic energy of the atoms is large, p 2 =2m U 0 , where U 0 is the depth of the optical potential (this last condition allows spatial averaging). The stationary solution of the atomic transport equation (1) which satisfies natural boundary conditions, W s p ! 1 ! 0, is of the form
where Z is a normalization constant. The momentum distribution (3) has an asymptotic power-law tail, W s p jpj ÿp 2 c =D 0 , with an exponent that can be expressed in terms of the potential depth U 0 and the recoil energy E R as p 2 c =D 0 U 0 =22E R [10] . The statistical properties of the distribution (3) can therefore be easily changed from normal statistics for U 0 66E R to Lévy statistics for U 0 < 66E R by simply modifying the depth of the optical potential. In particular, one should note that the second moment, hp 2 i R dpp 2 W s p, becomes infinite when U 0 < 66E R . In this regime the mean kinetic VOLUME 93, NUMBER 19 P Transport in an optical lattice has a number of attractive features that make it an ideal case study of the thermodynamical properties of systems described by power-law distributions. On the one hand, the atomic transport equation (1) has been derived from the microscopic Hamiltonian that describes the interaction with the laser fields and the quantities that appear in this equation can be expressed in terms of the microscopic parameters of the quantum-optical problem [10] . Moreover, the regime defined by conditions (i) -(iii) has been implemented experimentally and the divergence of the kinetic energy below a given potential threshold has been observed [13] . Finally, Eq. (1) is an ordinary linear Fokker-Planck equation, meaning that standard methods of stochastic calculus can be used to analyze the problem. This is in contrast to most systems with power-law distributions that are often described by nonlinear or fractional kinetic equations [14] . In particular, for the case of vanishing D 1 (which we shall consider in the sequel [15] ), Eq. (1) corresponds to a random process driven by additive Gaussian white noise. The fact that power-law fluctuations with infinite variance occur here in a system subjected solely to additive noise is worth emphasizing. The physical mechanism which gives rise to divergent fluctuations in systems with multiplicative noise, where the noise strength is proportional to the stochastic variable, is well-known [16] : it is based on a positive feedback loop that leads to the amplification of the noise as the value of the random variable increases. On the other hand, in the present situation, where the noise intensity is independent of the random variable, a different positive feedback mechanism is at work, based on the steady decrease to zero of the friction force as the value of the momentum increases. The appearance of infinite momentum fluctuations in this system is thus a striking illustration of the complex behavior that can result from the subtle interplay of the noise and the nonlinearity of the drift. In the following, we establish a correspondence between the divergent moments of the power-law distributions of the system and nonergodic behavior.
We begin by transforming the Fokker-Planck equation (1) 2 . By contrast, the Fokker-Planck potential, p ÿ R p 0 dp 0 Kp 0 , is confining for any value of the capture momentum. As a consequence, the spectrum of the Hamiltonian, H k p E k k p, is discrete in the former case, while it is continuous, except for the discrete ground state 0 p, in the latter. In both cases, the stationary momentum distribution is given by the square of the ground state eigenfunction, W s p 0 p 2 . To simplify the discussion, we now adopt rescaled variables for which p c 1 and D 0 D, the noise intensity D being then the only remaining parameter in the problem. It will also be convenient to divide momentum space into a low-momentum region jpj < 1, where the drift is approximately linear, K 1 p ' ÿp, and a high-momentum region jpj > 1, with a drift K 2 p ' ÿ1=p. The anomalous dynamics of the system is completely determined by the high-momentum region. The eigenvalues and eigenfunctions of the Hamiltonian H in this region are given by
where J p and Y p are the Bessel functions of the first and the second kind of order D 1=2D. The constants c 1;2 are fixed by the boundary conditions. When discussing the ergodicity of a system, one is typically not interested in the trajectory in the full space-space, but often in the projection of the trajectory onto some subspace of relevant variables [1] , in the present case momentum. A criterion for the equality of ensemble average and time average of a dynamical quantity A is then provided by the condition [18] 2 A t hA ÿ hAi 2 i ! 0 when t ! 1:
Here A t ÿ1 R t 0 dAp is the time average of the observable A and hAi R dpApWp; t denotes its ensemble average. In the infinite-time limit, the latter tends to the stationary ensemble average hAi s R dpApW s p. A system that obeys (5) is said to be ergodic in the mean square sense. In order to determine the ergodicity of our system, we thus need to compute the long-time behavior of the covariance,
This can be done by applying the usual theory of stochastic processes [17] . The two-time correlation function hApt 1 Apt 2 i is defined by the integral hApt 1 Apt 2 i ZZ dp 1 dp 2 Ap 1 Ap 2 W 2 p 1 ; t 1 ; p 2 ; t 2 ;
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Combining Eqs. (6) - (8) and introducing the variable t 2 ÿ t 1 , we arrive at
where the function C A is given by
The infinite-time limit of the covariance 2 A t is entirely determined by the asymptotic behavior of C A . This function depends explicitly on the observable Ap. It is worthwhile to notice that ergodicity will therefore in general depend on the dynamical variable Ap under consideration. In the following, we take Ap p n and evaluate the long-time behavior of C A following Ref. [12] . We find C A ÿ with an exponent 1 ÿ 2n 1D=2D. As a result, the covariance (9) will converge to zero as t ! 1, only if D < D n 1=2n 1. We thus obtain the important result that there is a noise threshold D n above which ergodicity is broken. As already mentioned, this threshold depends explicitly on the parameter n, that is, on the quantity Ap: the smaller the power n, the larger the value of D n . On the other hand, the moments of the stationary momentum distribution,
We can therefore conclude that there exists a direct relationship between the loss of ergodicity in the system for the variable Ap p n and the divergence of the 2nth moment of the stationary momentum distribution.
Let us now look in more detail at the value n 0, which corresponds to the largest noise threshold D n0 1. We first mention that for D > D n0 , the Fokker-Planck equation does not have a normalizable stationary solution anymore and the system is obviously nonergodic. Further, for n 0, the function C A can be rewritten in terms of the conditional probability density P 2 p 2 ; jp 1 ; 0 as C A Z dp 1 W s p 1 Z dp 2 P 2 p 2 ; jp 1 ; 0 ÿ W s p 2 :
This result is of special interest. Equation (11) shows that, unlike for the Ornstein-Uhlenbeck process, the steady state is here reached in a nonexponential way, C A Dÿ1=2D . The origin of this algebraic behavior is of course rooted in the nonlinear drift coefficient (2) .
A closely related quantity is the first-passage time distribution. The first-passage time is defined as the time at which the momentum of the system first exits a certain momentum interval, given that it was originally in that interval. The first-passage time problem for the FokkerPlanck equation (1) can again be treated using standard techniques of stochastic calculus. In the high-momentum region, the Laplace transform g 2 s of the first-passage time distribution obeys the following backward equation:
Solving Eq. (12) with the boundary conditions g1 1 and g1 0, we obtain
where K p is the modified Bessel function of the second kind of order D 1=2D. It follows from Eq. (13), that to leading order, g 2 s s as s ! 0. The firstpassage time distribution in region 2 is thus also a power-law tail distribution, and it asymptotically behaves as g 2 t t ÿ with an exponent 3D 1=2D. The corresponding moments ht n i R dtt n g 2 t converge if D < D 00 n 1=2n ÿ 1. The first-passage time distribution g 1 t in region 1 can be computed along similar lines and the associated moments can be shown to be all finite. Figure 1 shows the probability to be in regions 1 and 2, in the limit of long times, as a function of the noise intensity D. We observe that for small D, atoms are mostly located in the low-momentum region, where they experience the linear part of the drift. On the other hand, for D close to D n0 , atoms get localized in the high-momentum region, where the drift asymptotically decays as ÿ1=p. Remarkably, atoms in this system can thus be brought in a high-energy state through the sole action of the noise. We 5 NOVEMBER 2004 note that this problem exhibits an interesting analogy with subrecoil laser cooling, where atoms accumulate in a low-energy state (in a so-called dark state), with infinite mean trapping time [19] . To our knowledge, loss of ergodicity in systems with divergent trapping times has been first discussed in the context of spin glasses [20] .
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We can now formulate the main result of our Letter: Ensemble average and time average of the dynamical variable Ap p n stop being equal in the infinite-time limit -ergodicity of the system is accordingly brokenwhen the 2nth moment of the stationary momentum distribution and the n 1th moment of the first-passage time distribution in the high-momentum region become infinite. An unambiguous correspondence between the nonergodic properties of a system described power-law distributions and the divergence of their respective moments is therefore demonstrated. This confirms and extends the findings reported in Refs. [7, 8, 19] . We stress that the above result is not restricted to transport in an optical lattice and that our analysis applies to a whole class of systems described by an equation of the form (1) with a drift coefficient decaying asymptotically as ÿ1=p.
Further insight can be gained by considering a discretized form of the Fokker-Planck equation (1) . In doing so, we obtain a generalization of the Ehrenfest urn model, which has played an important role in clarifying the foundations of statistical mechanics [21] . We write p jp and t lt and find that the probability !j; l Wjp; lt satisfies the difference equation,
In the limit p; t ! 0, Eq. (14) reduces to the continuous Eq. (1) with Kp p=tap ÿ bp and D p 2 =2tap bp. The transition probabilities aj and bj in (14) are explicitly given by
We recall that the Ehrenfest model consists of two urns containing a total of 2R balls. At regular time intervals, t, a ball is randomly chosen and moved to the other urn; wj; l is then the probability of having R j balls in the first urn at time l. In the standard version of the model, the j 2 terms in Eq. (15) are absent and Eq. (1) reduces to the Ornstein-Uhlenbeck process with linear drift. We note that in the continuous description, the momentum p corresponds to the number of excess balls j in the first urn. So, for example, ergodicity breaking for n 1 (D > 1=3) occurs when the fluctuations of the number of balls in each urn diverge, the average number of balls being still finite and equal. Moreover, when D approaches one, all the balls preferentially occupy the same urn, therefore acting as Maxwell's demon.
In conclusion, we have investigated anomalous transport in an optical lattice from the point of view of statistical mechanics and established an explicit correspondence between ergodicity breaking and the divergence of the moments of the power-law tail distributions describing the behavior of the system, both in momentum space and in time.
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